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The problem of the heat and mass transfer and the kinetics of chemical transformation of a carbon
particle (C + O2 → CO2 (I), 2C + O2 → 2CO (II), C  + CO2 → 2CO (III)) is solved within the
framework of the model of a reduced film with account for the Stefan flow and natural and forced
convection. Analytical expressions are obtained for the velocity of the Stefan flow, the rates of chemi-
cal reactions, the concentrations of gaseous components, the densities of the heat and mass fluxes,
and the density of chemical heat release on the surface of the carbon particle.

The mutual effect of the heat and mass transfer and the kinetics of chemical reactions with account
for the Stefan flow on the surface of a motionless particle of solid carbon was considered in [1, 2] in the
exothermic parallel chemical reactions C + O2 → CO2 (I) and 2C + O2 → 2CO (II) without account for the
endothermic reaction C + CO2 → 2CO (III) and the homogeneous reaction 2CO + O2 → 2CO2 (IV). Neglect
of the chemical reaction (III), as is shown by a comparison of calculations and experiments [3], leads to
erroneous results for the rate of chemical transformation of carbon at high temperatures of the particle. In [4],
a mechanism of the effect of the relative velocity of motion of a carbon particle on the characteristics of its
combustion without account for the Stefan flow in reactions (I) and (II) is found. It should be noted that
under certain conditions where the Damko

..
hler number [5, 6] or the Semenov number [7, 8] are smaller than

a certain value, one can disregard the effect of the homogeneous reaction 2CO + O2 → 2CO2. This is possi-
ble when [5]

Se = √k4d2

D (Nu)2
 < 0.4 ,   k4 = k04 exp 

− E4

RTg

 .

Under the conditions described in [3] (air at room temperature and with velocity V = 0.6 m/sec blows
over a motionless carbon particle of diameter d C 1.2 cm heated to a high temperature), the Semenov number
is of about 10−4. The small value of Se is determined by the low temperature of the gas. Reaction (IV) can
be disregarded for a small size of the particle as well, althrough the gas temperatures can be high.

In this work, we consider the kinetics of the chemical reactions (I), (II), and (III) and of the heat and
mass transfer of a carbon particle with account for the Stefan flow and for forced and natural convection.
Analytical expressions are derived for the velocity of the Stefan flow, the densities of the heat and mass
fluxes, the density of chemical heat release, the concentration of gaseous components, and the rates of chemi-
cal reactions on the surface of the carbon particle.
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On the particle surface, the heat and mass of gaseous components are transferred by heat conduction,
concentration diffusion, and Stefan flow, which is determined by the chemical transformation of solid carbon
to gaseous components as a result of reactions (I)−(III). Since the molar masses of the gaseous components
are close, heat transfer by diffusion heat conduction and mass transfer by thermal diffusion can be disre-
garded [7, 8]. In this case, the expressions for the densities of the heat and mass fluxes on the surface of a
spherical particle with account for the Stefan flow are

qgs = − λg 
∂Tg

∂r



 s

 + cg (ρgU)s Tgs ,   Tgs > Tg∞ , (1)

jjs = − Dρg 
∂Cj

∂r



 s

 + (ρgU)s Cjs ,   Cjs > Cj∞ , (2)

where j = 1 for O2, 2 for CO2, 3 for CO, and 4 for N2.
The effect of the relative velocity of motion of the particle on the kinetics of chemical reactions and

on heat and mass transfer is allowed for by the notion of a reduced film on the surface of which the parame-
ters of an undisturbed flow are specified [7]. In the absence of forced and natural convection (the particle is
motionless relative to the gas), the radius of the reduced film r∞ is equal to infinity. It decreases with in-
crease in the intensity of natural and forced convection, thus approaching the particle radius rs. The depend-
ence of the dimensionless radius of the reduced film on the Nusselt number (Nu), which, in turn, is
determined by the effective Reynolds number (Reef), is represented in the form

r∞
rs

 = 



1 − 

2

Nu




−1

 , (3)

where

Nu = 2 + A Reef
1 ⁄ 2 Pr1 ⁄ 3 ,   A = 0.55   [3] ,   

or

Nu = 0.56 √ Reef
 ⁄ [1 − exp (− 0.28 √ Reef )]   [3] ,   Nu = 2 + 0.16 Reef

2 ⁄ 3   [8] ,

Reef = ReV + ReG ,   ReV = 
Vd
νg

 ,   ReG = √0.5Gr  ,

Gr = 
gd3 (T − Tg∞)

273νg
2  ,   νg = Pr ag ,   ag = 

λg

cg ρg

 ,   β = 
D Nu

d
 ,   α = 

λgNu

d
 . (4)

For a motionless particle Nu = 2, β = 2D ⁄ d, α = 2λg
 ⁄ d, and r∞ = ∞.

The coefficients of heat and mass transfer in explicit form do not depend on time, since the charac-
teristic time of establishment of the stationary fields of concentrations and temperatures in the gas phase is
smaller than the time of change in the particle temperature. The coefficients of heat and mass transfer change
with time as a result of the change in the temperature of the particle and the decrease in its diameter:

1
6

 cρd 
∂T
∂t

 = qch − qh ,   T (t = 0) = Tb ,   − 
1
2

 ρ 
∂d

∂t
 = WC ,   d (t = 0) = db ,
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WC = 
MC

MO2

 (k1 + 2k2) ρgsCO2,s + 
MC

MCO2

 k3 ρgsCCO2,s , (5)

qch = (k1Q1 + k2Q2) ρgsCO2,s − k3Q3 ρgsCCO2,s
 ,

k1 = k01 exp 



− 

E1

RT



 ,   k2 = k02 exp 




− 

E2

RT



 ,   k3 = k03 exp 




− 

E3

RT



 ,   qh = qg + qw ,   qw = εσ (T4 − Tw

4 ) . (6)

The relative mass concentrations of oxygen CO2,s, carbon dioxide CCO2,s, carbon monoxide CCO,s, and
nitrogen CN2,s and also the velocity of the Stefan flow Us are found from the equalities of the densities of the
mass fluxes of  O2, CO2, CO, and N2, written with account for the Stefan flow, to the rates of chemical
reactions for the corresponding components:

jO2,s = Dρg 
∂CO2

∂r



 s

 − (ρgU)s CO2,s
 = (k1 + k2) ρgsCO2,s ,

jCO2,s = − Dρg 
∂CCO2

∂r



 s

 + (ρgU)s CCO2,s = 
MCO2

MO2

 k1 ρgsCO2,s
 − k3 ρgsCCO2,s ,

jCO,s = − Dρg 
∂CCO

∂r



 s

 + (ρgU)s CCO,s = 
2MCO

MO2

 k2 ρgsCO2,s
 + 

2MCO

MCO2

 k3 ρgsCCO2,s ,

jN2,s = Dρg 
∂CN2

∂r



 s

 − (ρgU)s CN2,s = 0 .

(7)

In writing (7), we assumed that the coefficients of diffusion of the components of the gas mixture are
D = DO2

 = DCO2
 = DCO = DN2

. To calculate them, we use the simple exponential formula

D = D0 




P0

P



 




Tg

T0





n+1

 ,   n = 0.5 − 1 ,

where D0 is the coefficient of diffusion for the pressure P = P0 and the temperature of the gas Tg = T0 [8].
The density of the gas mixture is found from the isobaricity condition (P = const) in the form

P = ρg∞Tg∞  ∑ 
j=1

4

 
Cj∞
Mj

 = ρgsTgs  ∑ 

j=1

4

 
Cjs

Mj
 = ρgTg  ∑ 

j=1

4

 
Cj

Mj
 , 

where Mj is the molar mass of the jth component.
As the first approximation we can take

ρg = ρg0 




P

P0




 




T0

Tg




 . (8)
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Using the condition CO2
 + CCO2

 + CCO + CN2
 = 1, we obtain from (7) that the mass velocity of the

Stefan flow on the particle surface is determined by the algebraic sum of the densities of the mass fluxes of
the components of the gas mixture:

(ρgU)s = jCO2,s + jCO,s − jN2,s − jO2,s
 = 

MC

MO2

 (k1 + 2k2) ρgsCO2,s + 
MC

MCO2

 k3 ρgsCCO2,s . (9)

Comparing (9) and (5), we see that the mass velocity of the Stefan flow on the surface of a carbon
particle is equal to the rate of its chemical transformation to gaseous components:

(ρgU)s = WC = − 
1
2

 ρ 
∂d
∂t

 .

The dependences CO2
(r), CCO2

(r), CCO(r), CN2
(r), and Tg(r) for rs < r < r∞ are found from the solution

of the equations of heat conduction, diffusion, and continuity:

∂
∂r

 



r2λg 

∂Tg

∂r




 = 

∂
∂r

 (cg ρgTgUr2) ,   
∂
∂r

 



r2ρgD 

∂Cj

∂r




 = 

∂
∂r

 (Cj ρgUr2) ,   ρgUr2 = ρgsUsrs
2 . (10)

The boundary conditions for the temperature of the gas and for the relative mass concentrations of
the gaseous components on the particle surface (r = rs) and on the surface of the reduced film (r = r∞) are

Tg (r = rs) = Tgs = T ,   Cj (r = rs) = Cjs ,   Tg (r = r∞) = Tg∞ ,   Cj (r = r∞) = Cj∞ .

we assume that λg ⁄ (cg ρg) = D, and introduce dimensionless variables and quantities

θ = 
Cj − Cjs

Cj∞ − Cjs
 = 

Tg − Tgs

Tg∞ − Tgs
 ,   ξ = 

Usrs

D
 



1 − 

rs

r



 ,   ξ∞ = 

Usrs

D
 



1 − 

rs

r∞




 .

With account for (3) and (9), we obtain that the dimensionless velocity of the Stefan flow is

ξ∞ = 
Us

β
 = 

MC

MO2

 
(k1 + 2k2)

β
 CO2,s + 

MC

MCO2

 
k3

β
 CCO2,s . (11)

This makes it possible to reduce the system of equations (10) to one equation:

∂2θ
∂ξ2 = 

∂θ
∂ξ

 ,   θ (ξ = 0) = 0 ,   θ (ξ = ξ∞) = 1 ,

whose solution has the form

Cj − Cjs

Cj∞ − Cjs
 = 

Tg − Tgs

Tg∞ − Tgs
 = 

exp (ξ) − 1

exp (ξ∞) − 1
 . (12)

Having substituted (12) into (1), with account for (4), we find the density of the heat flux which
characterizes the heat exchange between the particle surface and the gas:
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qg = α 



(T − Tg∞) 

ξ∞ exp (− ξ∞)
1 − exp (− ξ∞)

 + ξ∞T



 . (13)

Assuming that ξ∞ << 1 and substituting exp (−ξ∞) = 1 − ξ∞ + 
1
2

 ξ∞2   into (13), we obtain that qg is
determined by the sum of the densities of the heat fluxes:

qg = α 



(T − Tg∞) + 

ξ∞
2

 (T + Tg∞)



 .

To find ξ∞, CO2,s, CCO2,s, CCO,s and CN2,s, we substitute (12) into the left-hand sides of Eqs. (7). As a
result, we obtain the system of equations

jO2,s = βρg 



CO2∞

 exp (− ξ∞) − CO2,s
 ξ∞

1 − exp (− ξ∞)
 = (k1 + k2) ρgsCO2,s ,

jCO2,s = βρg 



CCO2,s

 − CCO2∞
 exp (− ξ∞)

 ξ∞

1 − exp (− ξ∞)
 = 

MCO2

MO2

 k1 ρgsCO2,s − k3 ρgsCCO2,s ,

jCO,s = βρg 



CCO,s − CCO∞ exp (− ξ∞)

 ξ∞

1 − exp (− ξ∞)
 = 

2MCO

MO2

 k2 ρgsCO2,s + 
2MCO

MCO2

 k3 ρgsCCO2,s
 ,

jN2,s = βρg 



CN2∞

 exp (− ξ∞) − CN2,s 
 ξ∞

1 − exp (− ξ∞)
 = 0 .

(14)

From (14) we express the surface concentrations of the components in terms of  ξ∞:

CO2,s = CO2∞
 
β (1 − ξ∞F)
β + (k1 + k2)F

 ,   F = (1 − exp (− ξ∞)) ⁄ ξ∞ , (15)

CCO2,s = CCO2∞
 
β (1 − ξ∞F)
β + k3F

 + CO2,s 
MCO2

MO2

 
k1F

(β + k3F)
 , (16)

CCO,s = CCO∞ (1 − ξ∞F) + 
2MCO

MO2
β

 CO2,sF 



k2 + k3 

MO2

MCO2

 
CCO2,s

CO2,s




 , (17)

CN2,s = CN2∞
 exp (− ξ∞) . (18)

Substituting (15) and (16) into (11), we obtain the transcendental equation for determination of the
dimensionless velocity of the Stefan flow on the particle surface:
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ξ∞ = CO2∞
 

(1 − ξ∞F)
[β + (k1 + k2) F]

 
MC

MO2

 



k1 + 2k2 + 

k1k3F

β + k3F



 + 

MC

MCO2

 CCO2∞
 
k3 (1 − ξ∞F)

β + k3F
 . (19)

Numerical calculations show that ξ∞ << 1. For the approximation exp (−ξ∞) = 1 − ξ∞, assuming that CCO2∞
= 0, from (19) we obtain

ξ∞ = Psf 



1 + 

β
k1 + k2

 + Psf




 −1

 , (20)

Psf = 
MC

MO2

 



1 + 

k2

k1 + k2
 + 

k1

(k1 + k2)
 

k3

(k3 + β)



 CO2∞

 . (21)

Substituting (20) into (15) at F = 1, we have the relation between CO2,s and CO2∞ in explicit form:

CO2,s = CO2∞
 




(k1 + k2) (1 + Psf)
β

 + 1




−1

 .
(22)

On the assumption that CCO2∞ = 0, CCO∞ = 0, and CN2∞ = 1 − CO2∞, in a similar fashion from formu-
las (16)−(18) we find the surface concentrations of CO2, CO, and N2:

CCO2,s = CO2,s 
MCO2

MO2

 
k1

(β + k3)
 ,   CCO,s = CO2,s

 
2MCO

MO2
β

 



k2 + 

k1k3

β + k3




 ,   CN2,s = (1 − CO2∞

) (1 − ξ∞) . (23)

Using formulas (22) and (23), we analyze the effect of the temperature, the diameter, and the relative
velocity of motion of a particle on CO2,s, CCO2,s, CCO,s and  CN2,s and consequently on qch and WC. At low
temperatures (T <  1600 K), the chemical reactions occur in the kinetic region, for which

(k1 + k2) (1 + Psf)
β

 << 1 ,   
k3

β
 << 1 .

It follows from (5), (6), and (15)−(17) that

WC = − 
1

2
 ρ 

∂d

∂t
 = 

MC

MO2

 (k1 + 2k2) ρgsCO2∞
 ,   qch = (k1Q1 + k2Q2) ρgCO2∞

 ,

i.e., qch and WC increase with increase in the temperature according to the Arrhenius dependence and are not
related to the diameter and the relative velocity of motion of a particle. In this case, the chemical reaction
(III) can be disregarded.

In the region of intermediate temperatures (1600 K < T < 2400 K), the increase in the temperature
leads to the involvement of the processes of mass transfer and the endothermic reaction (III), which shifts the
kinetics of the chemical reactions to the transition region

(k1 + k2) (1 + Psf)
β

 ≈ 1 ,   
k3

β
 ≈ 1 .
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An analysis shows that in this region of temperatures qch decreases as the temperature increases due
to the effect of the endothermic reaction (III) within a certain range of particle sizes.

A further increase in the temperature (T > 2400 K) leads to a shift of the kinetics of the chemical
reactions to the diffusion region, where the following conditions are fulfilled:

(k1 + k2) (1 + Psf)
β

 >> 1 ,   
k3

β
 >> 1 ,

using which at high temperatures, from (21)−(23) we obtain the asymptotic expressions

Psf
∗  = 

2MC

MO2

 CO2∞
 ,   CO2,s

 = CO2∞
 

β

(k1 + k2) (1 + Psf
∗ )

 ,   CCO2,s
 = CO2,s 

MCO2

MO2

 
k1

k3
 ,

CCO,s = CO2,s 
2MCO

MO2

 
(k1 + k2)

β
 ,   CN2,s = (1 − CO2∞

) 
1

1 + Psf
∗  . (24)

Substituting (24) into (6) and (5), we obtain that at high temperatures the density of chemical heat
release is

qch = Q2 
1

1 + Psf
∗  CO2∞

 (ρgD) Nu

d
 , (25)

and the rate of chemical transformation of carbon is

WC = − 
1

2
 ρ 

∂d

∂t
 = 

2MC

MO2

 
1

1 + Psf
∗  CO2∞

 (ρgD) 
Nu

d
 , (26)

i.e., qch and WC increase with decrease in the diameter almost in inverse proportion, since Nu weakly depends
on the diameter of the particle. As the temperature increases, qch and WC increase similarly to the product
ρgD. It is shown in [9] that ρgD must be determined for the root-mean-square temperature of the particle and
the gas. Taking n = 0.75 [7], we obtain that qch D  WC D (D0ρ0) [(T + Tg)/2T]0.75.

The increase in the relative velocity of motion of particles leads to a slight increase in the Nusselt
criterion and consequently in qch and WC.

It follows from formulas (25) and (26) that the rate of chemical transformation of a carbon particle
in air at a high temperature is determined by the kinetics of the chemical reaction 2C + O2 → 2CO (II) oc-
curring in the diffusion mode, which is confirmed by experimental data [3].

The expressions obtained allow one to analyze the high-temperature modes of heat and mass transfer
and the kinetics of chemical transformation of carbon particles with account for the Stefan flow and for
forced and natural convection.

NOTATION

T, temperature of the particle; Tg, temperature of the gas; Tg∞, temperature of the gas on the surface
of the reduced film; Tw, temperature of the walls of the chamber of the reaction unit; P, pressure of the gas;
P0, atmospheric pressure; V, relative velocity of the particle; νg, kinematic viscosity of the gas; d, diameter of
the particle; ag, thermal diffusivity; c, specific heat of the particle; ρ and ρg, density of the particle and the
gas, respectively; t, time; qch, density of chemical heat release; qh, density of the heat flux on the particle
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surface; qg, density of the heat flux characterizing the heat exchange between the particle and the gas (includ-
ing the Stefan flow, heat conduction, and forced and natural convection); qw, density of the radiative heat flux
characterizing the heat exchange with the walls of the reaction unit; k1, k2, k3, and k4, rate constants of the
chemical reactions (I), (II), (III), and (IV); MC, MO2

, MCO2
, and MCO, molar masses of carbon, oxygen, carbon

dioxide, and carbon monoxide;  CO2
, CCO2

, CCO, and CN2
, relative mass concentrations of O2, CO2, CO, and

N2; Q1 and Q2, thermal effects of the chemical reactions (I) and (II) calculated per unit mass of carbon diox-
ide; k01, k02, k03, and k04, preexponential factors; E1, E2, E3, and E4, activation energy of reactions (I), (II),
(III), and (IV); ε, emissivity of the particle; σ, Stefan−Boltzmann constant; D = DO2

 = DCO2
 = DCO = DN2

,
coefficients of diffusion of the components of the gas mixture; β, coefficient of mass transfer of the particle;
U, velocity of the Stefan flow; r, radial coordinate; λg, thermal conductivity of the gas; cg, specific heat of the
gas; α, coefficient of heat transfer of the particle; Se, Nu, Gr, and Pr, Semenov, Nusselt, Grashof, and Prandtl
numbers; ReV, ReG, and Reef, Reynolds numbers which determine forced, natural, and effective convection,
respectively; D0, coefficient of diffusion for the pressure P = P0 and the temperature of the gas Tg = T0.
Subscripts: g, gas; w, wall of the reaction unit; s, surface of the particle; ∞, on the surface of the reduced film;
b, initial value; C, carbon; ch, chemical; h, thermal; V, velocity; G (Gr), Grashof; ef, effective; sf, Stefan. 

REFERENCES

1. V. V. Kalinchak, S. G. Orlovskaya, A. I. Kalinchak, and A. V. Dubinskii, Teplofiz. Vys. Temp., 34,
No. 1, 83−91 (1996).

2. V. V. Kalinchak, S. G. Orlovskaya, A. I. Kalinchak, and A. V. Dubinskii, Inzh.-Fiz. Zh., 70, No. 1,
146−152 (1997).

3. E. S. Golovina, High-Temperature Combustion and Gasification of Carbon [in Russian], Moscow
(1986).

4. V. V. Kalinchak, S. G. Orlovskaya, Yu. V. Prudnikova, and I. Ganui, Fiz. Goreniya Vzryva, 34, No.
1, 25−30 (1998).

5. K. Matsui and H. Tsuji, Combustion Flame, 105, 35−42 (1996).
6. K. Matsui, Combustion Flame, 118, 697−706 (1999).
7. V. V. Pomerantsev (ed.), K. M. Aref’ev, D. B. Akhmedov, et al., Principles of Practical Theory of

Combustion: Textbook for Universities [in Russian], Leningrad (1986).
8. D. A. Frank-Kamenetskii, Diffusion and Heat Transfer in Chemical Kinetics [in Russian], Moscow

(1987).
9. A. V. Dubinskii, V. V. Kalinchak, and M. N. Chesnokov, Fiz. Ae′rodispersn. Sistem, Issue 34, 130−135

(1991).

330


